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Abstract
A method to compute the acoustic characteristics of a simpli-
fied three-dimensional vocal-tract model with asymmetric wall
impedances is presented. The acoustic field is represented in
terms of both plane waves and higher-order modes in tubes.
This model is constructed using a connected structure of rectan-
gular acoustic tubes, and can parametrically represent acoustic
characteristics in higher frequencies where the assumption of
plane wave propagation does not hold. The propagation con-
stants of the plane waves and the higher-order modes are calcu-
lated taking account of the asymmetric distribution of the wall
impedances which can be specified as different values on four
sides of each rectangular tube. The frequency characteristics
of the propagation constants and the transfer characteristics of
multiple section models are presented.
Index Terms: wall impedance, vocal-tract model, higher-order
modes, propagation constant, vocal-tract transfer function

1. Introduction
The acoustic analysis of three-dimensional vocal-tract models
at higher frequencies has been performed by many researchers
using the geometrical data obtained by magnetic resonance
imaging (MRI). A finite-element method (FEM) is a standard
numerical simulation technique for investigating the effects of
the fine three-dimensional structure of the vocal tract, such as
small dips or branches [1–3]. However, the FEM requires a
large amount of time not only for the computation itself, but also
for the creation of finite-element meshes. A finite-difference
time-domain method (FDTD) is also used for the analysis of
the three-dimensional vocal tract [4]. As the computation nodes
can be specified at the same position as the voxels of the MRI
data, the FDTD has an advantage for the creation of the entire
configuration of the vocal tract. The FDTD is also suitable for
parallel computing, but encounters difficulties in representing
the impedance properties of the boundaries.

On the other hand, a parametric method to compute the
acoustic characteristics at higher frequencies, where the as-
sumption of plane wave propagation does not hold, has been
developed by using higher order modes [5–8]. The vocal tract
is approximated by a cascaded structure of rectangular acoustic
tubes. The acoustic field in this model is represented in terms of
both plane waves and higher order modes. Although the perfor-
mance in representing the detailed structure of the vocal tract is
limited, this model can represent the effects of the transverse di-
mension of the vocal tract at higher frequencies, and has the ad-
vantage of fast computation since this method can be regarded
as the extension of a well-known one-dimensional vocal-tract
model.

In the previous model [9, 10], a wall impedance of the

vocal-tract was introduced for the computation of a propagation
constant in the rectangular tube only when the same impedance
is given on the whole wall of a unit section. The properties of
the vocal-tract wall, however, are not symmetric. For example,
relatively harder wall properties will be suitable on the upper
wall, representing the hard palate, in the oral cavity and more
yielding wall will be suitable for the lower wall corresponding
to the tongue surface.

In this paper, a method to calculate the acoustic character-
istics of a rectangular tube model having an asymmetric dis-
tribution of the wall impedance is presented. The propagation
constants of the plane waves and the higher-order modes are
calculated taking account of the wall impedances which can be
specified as different values on four sides of each rectangular
tube. As the computational results, the frequency characteris-
tics of the propagation constants and the transfer characteristics
of multiple section models are also presented.

2. Rectangular tube model
2.1. Overview of the model

The aim of this model is to present a new method of comput-
ing the acoustic characteristics of the vocal tract which has the
advantages of less computing costs compared to the full three-
dimensional modeling like FEM and FDTD, and more capa-
bility to represent a geometrical complexity compared to the
conventional one-dimensional model.

A cascaded structure of rectangular acoustic tubes, con-
nected asymmetrically with respect to their axes, as illustrated
in Figure 1, is introduced as a simplified approximation of the
vocal-tract geometry. The width, height, length, and the posi-
tion of the axis of each tube can be specified independently. A
sound source can be specified as an arbitrary vibrating surface
at the entrance of the first section. The last section, correspond-
ing to the mouth, is open to free space. The radiation of sound is
taken into account. The wall of each rectangular tube has yield-
ing properties that is represented in terms of a complex value
of the wall impedance. The wall impedance can be specified as
different values on four sides of each rectangular tube.

Figure 1: Cascaded rectangular tube model.
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2.2. Calculation of propagation constant with asymmetric
wall impedance

A sound pressure p(x, y, z), z being the direction of the tube
axis, and a particle velocity v(x, y, z) can be expressed as

p(x, y, z) = jωρφ(x, y, z) (1)
v(x, y, z) = −∇φ(x, y, z) (2)

where ω and ρ are angular frequency and air density, respec-
tively. φ(x, y, z) is a velocity potential satisfying the Helmholtz
equation.

∇2φ(x, y, z) + k2φ(x, y, z) = 0 (3)

k = ω/c, c being sound speed, is the wave number. The three-
dimensional acoustic field in each tube can be represented as an
infinite series of higher order modes as

φ(x, y, z) =

∞∑

m,n=0

{amn exp (−γz,mnz)

+ bmn exp (γz,mnz)}ψmn(x, y) (4)

where m and n stand for the indices of the higher order modes
in the x- and y-directions, respectively, and amn and bmn

are constants determined from the geometry of adjacent tubes.
γz,mn and ψmn(x, y) are the propagation constant and normal
function (eigenfunction), respectively. γz,mn is required to sat-
isfy the following equation,

γ2
x,m + γ2

y,n + γ2
z,mn + k2 = 0 (5)

where γx,m and γy,n are propagation constants in the x- and
y-directions, respectively, and are determined by specifying the
boundary condition on the wall.

When the same impedance Zw is given on the both sides of
the tube, a gradient of sound-pressure ∂p/∂x, which is propor-
tional to the particle velocity in the x-direction, is always 0 for
even modes, and the sound-pressure p is always 0 for odd modes
at the center of the tube as shown in Figure 2. In this case, the
theory of lined duct [11, 12] is used to obtain the propagation
constant γz,mn in the z-direction.

If different wall impedances, Zx+ and Zx−, are given on
the walls at x = ±lx/2, respectively, the acoustic field in the
tube becomes asymmetric, which induces a difficulty to estab-
lish a condition similar to the symmetric impedance case. To
overcome this problem, a hypothetical position ξx is introduced
as a position satisfying the following condition.

Even modes

∂p

∂x

∣∣∣∣
x=ξx

= 0,

Zx± =
p

±vx

∣∣∣∣
x=±lx/2

= −j ωρ

γx,m
coth

(
γx,m

(
lx
2
∓ ξx

))
(6)

Odd modes

p|x=ξx
= 0,

Zx± =
p

±vx

∣∣∣∣
x=±lx/2

= −j ωρ

γx,m
tanh

(
γx,m

(
lx
2
∓ ξx

))
(7)
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Figure 2: Examples of modal sound-pressure distributions on
the cross-section when the same impedance Zw is given on the
both walls. (a) even mode (b) odd mode.

ξx satisfying the equations (6) and (7) is obtained algebraically
as

ξx =

⎧
⎪⎪⎨
⎪⎪⎩

Ȳx− − Ȳx+

Ȳx− + Ȳx+

lx
2

m = 0

jk

2

(
lx
mπ

)2 (
Ȳx− − Ȳx+

)
m ≥ 1

(8)

where Ȳx± is a normalized wall admittance defined as Ȳx± =
ρc/Zx±. Then γx,m is obtained as follows.

γx,m =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

ej
3
4
π

√
2kȲx+

lx − 2ξx
m = 0

jπ

lx − 2ξx

(
m+ j

2k(lx − 2ξx)Ȳx+

mπ2

)
m ≥ 1

(9)
The normalized wall admittance is assumed to be small satisfy-
ing klx|Ȳx±| � 1 and the following condition is also assumed
for m ≥ 1 in the above calculation.

|ξx|/lx � 1 (10)

As easily confirmed from equation (8), ξx is always 0 when the
same wall impedance is given on the both sides of the tube. In
the case of asymmetric wall impedance, the hypothetical posi-
tion ξx becomes a complex value which is difficult to consider
as an existent position. However, ξx may be interpreted as a pa-
rameter to modify the distributions of both amplitude and phase
of sound-pressure so as to force p = 0 and ∂p/∂x = 0.

Similar relations can be obtained in the y-direction by re-
placing a subscript x by y, and an integer indexm by n in equa-
tions (8) and (9). Substituting γx,m and γy,n into the equation
(5), the the propagation constant γz,mn is obtained. Note that
γz,mn has an attenuation constant, (a real part of γz,mn ), due
to the given wall impedances on the four sides of the tube.

The rigid wall condition corresponds to Ȳx± = Ȳy± = 0,
and γz,mn is reduced to

γz,mn =

√(
mπ

lx

)2

+

(
nπ

ly

)2

− k2. (11)

In this condition, the cut-off frequency fc,mn of mode (m,n)
is calculated as a frequency where γz,mn = 0.

fc,mn =
c

2π

√(
mπ

lx

)2

+

(
nπ

ly

)2

(12)

The higher-order modes are propagative above fc,mn, and are
evanescent below fc,mn.

139



0 2000 4000 6000 8000
0

0.02

0.04

0.06

0.08

0.1

Frequency [Hz]

Att
en

ua
tion

 [d
B/c

m]

(0,0) (1,0) (2,0)
(i)
(ii)
(iii)
(iv)
1D

(a)

0 2000 4000 6000 8000
0

0.5

1

1.5

2

Frequency [Hz]

Ph
ase

 co
nst

an
t [r

ad
/cm

]

(0,0) (1,0) (2,0)

(i)
(ii)
(iii)
(iv)
1D
k

(b)

Figure 3: (a) Attenuation of modes (0,0),(1,0) and (2,0). (b)
Phase constant. (i) L = Lh for all 4 sides, (ii)L = Ll for bot-
tom side only, (iii)L = Lh for top side only, (iv) L = Ll for all
4 sides. Tube size: lx = 5.0 cm, ly = 1.5 cm. Vertical dashed
lines indicate cut-off frequencies for rigid wall condition. As-
terisks indicate one-dimensional model with wall impedance of
conditions (i) and (iv). k in (b) is a wave number.

3. Computational results
As the wall impedance of the vocal tract is an important phys-
ical parameter, its value has been directly measured or indi-
rectly estimated by various methodologies. The measured val-
ues showed a relatively wide range depending on the measure-
ment methods and the position in the human body [13–18].
The wall impedance Zw is composed of a resistive term R,
an inertia term L and a stiffness term K, and is represented
as Zw = R + j(ωL − K/ω). As the L has a greater influ-
ence than variations in R on both plane waves and higher order
modes [10], the L is specified as either relatively higher value
Lh = 2.0 g/cm2 or lower value Ll = 0.5 g/cm2. Note that
Lh and Ll may be upper and lower limit of a proper value of L.
The resistive term R is set constant as R = 1500 g/(cm2 · s),
and the stiffness term K was ignored in this computation.

Here, the attenuation constant αz,mn, a real part of γz,mn,
and phase constant βz,mn, an imaginary part of γz,mn, are com-
puted for the following different conditions. The value of L on
four sides of a rectangular tube is specified as follows.

(i) L = Lh for all 4 sides,

(ii) L = Ll for bottom side and L = Lh for other 3 sides,

(iii) L = Lh for top side and L = Ll for other 3 sides,

(iv) L = Ll for all 4 sides.

The sound speed c = 3.533 × 104 cm/s and air density
ρ = 1.142 × 10−3 g/cm3 as the values at a temperature of
36 degrees Celsius are used in the following computation.

The value of klx|Ȳx±|, which is assumed to be small
enough, depends on both the frequency and sectional size of the
tube. For the above conditions, klx|Ȳx±| is an order of 10−3 at
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Figure 4: Transfer characteristics of a uniform tube of lx =5.0
cm, ly = 1.5 cm and lz = 17 cm. Wall condition is the same as
that of Figure 3. Vertical dashed lines indicate cut-off frequen-
cies for rigid wall condition. (b) is a magnification of (a) up to
2000 Hz.

8 kHz, and |ξx|/lx is also an order of 10−3 for m ≥ 1, which
satisfies well the assumption of equation (10).

3.1. Propagation constant

Figure 3(a) shows frequency characteristics of the attenuation
of modes (m,n) = (0,0),(1,0) and (2,0), per unit length, for
the tube dimensions of lx = 5.0 cm and ly = 1.5 cm. Ver-
tical dashed lines indicate cutoff frequencies fc,mn for the
rigid wall condition. Asterisks indicate the attenuation of one-
dimensional model with wall impedance of conditions (i) and
(iv). For conditions (ii) and (iii), the wall has partially different
wall properties. It is clearly seen that the attenuation increases
when the inertia term L of the wall decreases. For the higher-
order modes, the attenuation is especially large in the vicinity
of the cutoff frequencies.

Figure 3(b) shows the phase constant βz,mn. The difference
in βz,mn depending on the condition is not eminent. However,
closer observation indicates that βz,mn’s of condition (i)-(iv)
are always lower than that of the rigid wall case for all modes.
For mode (0,0), the relative difference becomes large compared
to the wave number k, i.e. the phase constant of the rigid wall
case, in the frequency range below 2 kHz. This means that if
a resonance frequency appears in this range, the resonance fre-
quency will shift upward compared with the case of the rigid
wall.

3.2. Transfer characteristics

Figure 4 shows transfer characteristics of a uniform rectangular
tube with a length lz = 17 cm. The sectional dimensions are
the same as used in the previous section. Figure 4 (b) is a mag-
nified characteristics up to 2 kHz. The lower peak frequencies
and bandwidths are largely influenced by the wall condition.
For the purpose of quantitative comparison, the frequencies (F1
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Table 1: Peak frequencies (Fn) and bandwidths (Bn). Unit in
Hz. Shift rates (%) of the peak frequencies and increase rates
(%) of the bandwidths are relative to those of the rigid wall
case.

Cond. F1 % F2 % F3 %
Rigid 486 - 1465 - 2458 -

(i) 516 6.2 1476 0.8 2465 0.3
(ii) 534 6.9 1487 1.5 2472 0.6
(iii) 545 12.1 1494 2.0 2476 0.7
(iv) 568 16.9 1505 2.7 2483 1.0

B1 % B2 % B3 %
Rigid 6 - 45 - 106 -

(i) 19 217 47 4.4 108 1.9
(ii) 62 933 56 24.4 110 3.8
(iii) 89 1383 60 33.3 112 5.7
(iv) 135 2150 69 53.3 116 9.4

to F3) and bandwidths (B1 to B3) of the first three peaks are
listed in Table 1. The bandwidth of the lower peaks, especially
those below 1 kHz, are strongly influenced depending on the
condition of L. Compared with the case of the rigid wall condi-
tion, a small upward shift of peak frequencies is also seen. This
result is consistent with the effects of wall impedance that is al-
ready suggested by the conventional one-dimensional model. It
is also noted that some sharp peaks above 3.5 kHz are result-
ing from the resonances of the propagative higher order modes.
As seen in the Figure 4 (a), these peaks are less sensitive to the
condition of the wall impedance.

An example of 36-section vocal-tract model is illustrated
in Figure 5(a), and the transfer characteristics corresponding to
each wall condition (i)-(iv) are shown in (b). This model is
constructed from the shape of /

∫
/ measured by MRI. Although

the original MRI data was not for vowels, a sound source in the
shape of a slit (5 mm in width) is assumed at the center of the
entrance of the first section. The lower peaks are influenced by
the variation of the wall condition. Although the model does
not include any branch, the appearance of zeros in the vicinity
of 4.6 kHz and 7 kHz are also noted. However, the zeros are
also less sensitive to the condition of the wall impedance.

A possible reason for the appearance of zeros are the exis-
tence of the strong standing waves in the transverse direction.
Figure 6 shows the distribution of the sound-pressure at 4601
and 6952 Hz corresponding to the frequencies of the zeros. A
node of sound-pressure with a large change in amplitude in the
transverse direction is observed at 4601 Hz in the left part of
the model. Similarly two nodes can be seen at 6952 Hz. These
are the standing waves that are well agree with the size of the
transverse length.

4. Conclusions
A method to calculate the acoustic characteristics of a simplified
three-dimensional vocal-tract model with asymmetric distribu-
tion of wall impedances was presented. The wall impedances
can be specified independently as different values on four sides
of each rectangular tube.

The computational results with changing the inertia term of
the wall impedance showed that the lower inertia values have
effects to shift upward the peak frequencies and increase the
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Figure 5: (a) An example of 36-section vocal-tract model of
asymmetric geometrical structure and (b) its transfer charac-
teristics. Wall condition is the same as that of Figure 3 and is
specified to all sections.
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Figure 6: Sound-pressure distributions at 4601 Hz ( first zero)
and 6952 Hz (second zero). Wall condition is (iii).

bandwidths especially at the lower frequencies. Transfer char-
acteristics at higher frequencies were less sensitive to the condi-
tion of the wall impedance both for peak and zero frequencies.

The transfer characteristics contains several sharp peaks at
higher frequencies due to the resonances of the propagative
higher-order modes which are dependent on the transverse di-
mension of the rectangular tubes. A proper method to convert
a complicated shape of the real vocal tract into the simplified
rectangular structure should be further studied.
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