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Abstract
This work proposes a new method for artificial bandwidth ex-
tension (ABE) that aims to extend the bandwidth of speech sig-
nals in narrowband voice communications. We extract a sig-
nal model which consists of the wideband information. Using
the signal model, we obtain an infinite impulse response (IIR)
interpolation filter with the help of H∞ optimization. Interpo-
lation filters are going to be distinct for the speech signals be-
cause of their non-stationary (time-variant) nature. In narrow-
band communications, only narrowband signal is accessible.
Hence, a codebook approach is intended to keep the IIR interpo-
lation filters information (wideband feature) together with their
corresponding narrowband signal characteristic (narrowband at-
tribute). For that, the Gaussian mixture modeling (GMM) code-
book approach is utilized to estimate the wideband feature for
a given narrowband attribute of the signal. Performances are
assessed for the two sorts of narrowband attributes.
Index Terms: H∞-optimization, speech production model,
signal model, lifting

1. Introduction
The high quality of speech signals is required in voice commu-
nication that is highly dependent on the frequency components
present in the human speech signal. Practically, the standard
sampling rate of the telephone speech used in the Global System
for Mobile communications (GSM), is 8 kHz [1]. As per the
Nyquist criteria, a signal of the maximum frequency of 4 kHz
can be transmitted through the channel. So, frequencies present
in the speech signals above 4 kHz are not transmitted. Because
of the absence of the high-frequency components above 4 kHz,
the naturalness, clarity, and pleasantness in the listening of the
speech signal go down. To beat these issues, the narrowband
(NB) (0-4 kHz) speech signal sampled at 8 kHz is processed to
recuperate the high-frequency components up to 8 kHz. It can
be made possible by using the additional information, obtained
from the wideband (WB) (0-8 kHz) signal (sampled at 16 kHz
frequency). This process is known as artificial bandwidth ex-
tension (ABE), as shown in Fig. 1. Here, LPF is a low pass
filter. The NB speech signal SNB is generated by low pass fil-
tering of the WB signal followed the downsampling by a factor
of 2 at the transmitter side. The NB signal SNB is processed by
a bandwidth extension process for recovering the correspond-
ing high-band (HB) (4 − 8 kHz) signal SHB . The bandwidth
extension process requires some HB information.

Many approaches are proposed for ABE based on the
speech production model (SPM) in which the speech signal is
segregated in two parts: speech production filter (SPF) as a
vocal tract filter and excitation signal as a residue signal [2].
In ABE methods based on the SPM, the speech production
filter is represented in many different parameters such as lin-

LPF ↓ 2

Downsampler

Highband information

↑ 2

Bandwidth extension process

LPF

Wideband signal

+ Estimated Wideband signal

SN B

S
′

� �
SH B

Figure 1: A fundamental outline for generating the stationary
narrowband signal and after that its bandwidth extension

ear prediction coefficients (LPC) [3], line spectral frequencies
(LSF) [4], linear frequency cepstral coefficients (Cepstrum) [5]
and Mel frequency cepstral coefficients (MFCC) [6]. Further,
the high-band excitation can be assessed by utilizing the numer-
ous other ways, i.e., the bandpass-envelope modulated Gaussian
noise (BP-MGN) [7], harmonic noise model (HNM) [8], spec-
trum folding [9, 10], pitch adaptive modulation [11], full-wave
rectification [12] and spectral translation [9, 11, 12]. In [13, 14],
the spectrum of the WB signal is directly used to represent HB
as well as NB information for ABE.
According to speech production theory, speech production fil-
ter can be accurately represented by the pole-zero model [15].
Many of the existing methods use an all-pole model [5, 4]. It
may not be sufficient for some utterances like fricatives, nasals,
laterals and the burst interval of stop consonants because of the
presence of zeros in SPF’s frequency response [15]. In this pa-
per, we used the pole-zero models [15]. Existing methods esti-
mate the high-band (HB) signal only. Hence, they need a low
pass filter (LPF) which is non-ideal, but close to the ideal filter.
However, this non-ideal nature helps in identifying the high-
frequency components specifically for unvoiced speech. Hence,
in our approach, we introduce a little more non-ideality in LPF,
i.e., NB signal is obtained by direct downsampling of the wide-
band signal at the transmitter side. It introduces aliasing in the
obtained NB signal. Hence, our approach requires the estima-
tion of NB as well as HB of the speech signal. Benefits of our
proposed method are that it does not require the energy adjust-
ment between NB and HB and, reduces delay in communica-
tion.

This work utilizes the H∞ optimization in order to get an
interpolation filter for the speech signals. The speech signals are
non-stationary [16]. So, a frame-based approach is favoured for
non-stationary signals. This approach builds the need of storage
for extra data about interpolation filters (wideband feature) with
their corresponding narrowband detail. To generalize, a code-
book approach is used in [10, 11, 17, 18, 19, 20, 21, 22, 4, 5].
In this paper, we use the Gaussian mixtures model [23] for de-
signing the codebook. Also, we compare our proposed method
with the spectrum folding method [22, 9, 10].

Rest of the paper is organized as follows: Section 2 presents
the bandwidth extension process for a stationary signal; Sec-
tion 3 contains its use for speech signals; Section 4 consists of
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Figure 2: An error system set-up for recovering of a stationary
wideband speech signal.

the experimental results and analysis using the GMM model.

2. Proposed bandwidth extension process
for a stationary speech signal

General set-up of ABE problem is shown in Fig. 2. In Fig. 2,
↓ 2 represents an ideal down-sampler, y represents the original
stationary WB signal, and ŷ represents the estimated WB signal
from the stationary NB signal yd using a linear discrete time-
invariant (LDTI) interpolation filter K. The K design is based
on the reconstruction error minimization using a suitable norm.
Every discrete-time signal can be represented by the LDTI sys-
tem driven by the white noise or an impulse [15]. Therefore,
information about the WB original signal y is extracted in the
form of a generating model (F ), which reflects the signal prop-
erties. The modified block diagram is represented in Fig. 3 with
y being the output of system F driven by an input wd. The
transfer function of F is represented by F (z). It is further as-
sumed that F (z) is a stable and strictly proper rational transfer
function. Such a system can be represented in the frequency
domain as F (z) = C(zI − A)−1B, where A,B,C are con-
stant matrices of appropriate dimension. The standard Prony’s
method is used to evaluate the F (z) [24]. A function based on
this method is available in MATLAB [25]. Next, our objective
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Figure 3: Proposed architecture of error system for reconstruct-
ing a stationary wideband speech signal.

is to minimize the error with a suitable norm.

2.1. Performance Index

We are utilizing the H∞ system norm to minimize the recon-
struction error. Let T denotes the operator from input wd to
output e in Fig. 3. The H∞-norm of T is defined as

||T||∞ := sup
wd 6=0

||e||2
||wd||2

,

2.2. Problem Formulation

To design K(z), we have to take care of the following problem.

Problem 1. Given a stable and strictly proper transfer function
F (z), design a stable and causal interpolation filter Kopt de-
fined as

Kopt := argmin
K

(||T||∞),

where

T := F −K(↑ 2)(↓ 2)F.

Time-variant nature of speech signals yields some uncer-
tainty in the model F (z). It is well known that H∞-norm opti-
mization gives a robust solution [26]. The solution of the prob-
lem H∞ optimization is given in [27, 28].

2.3. Solution of the Problem 1

The error system in Fig. 3 is a multi-rate system. It can
be transformed into a single rate system by using the lift-
ing technique which converts the one-dimensional signal into
a multi-dimensional signal and vice versa by the inverse lift-
ing [27, 29]. z-transform representations of lifting and inverse
lifting are [28, 30]

LN =(↓ N)
[
1 z z2 ..... zN−1

]T (1a)

L−1
N =

[
1 z−1 z−2 ..... z−(N−1)

]
(↑ N). (1b)

Proposition 1. Let transfer function G(z) be represented in
state space as

G(z) :=

[
AG BG

CG DG

]
= DG + CG(zI −AG)

−1BG,

with AG ∈ RN×N , BG ∈ RN×p, CG ∈ Rm×N , DG ∈ Rm×p

matrices, m and p being the dimensions of output and input of
G(z), respectively. Next, the lifted (by a factor of 2) transfer
function of G(z) in state space form is represented as

G(z) := L2G(z)L−1
2 =

 A2
G AGBG BG

CG

CGAG

DG 0
CGBG DG

 ,

where L2 and L−1
2 can be obtained by using (1a) and (1b),

respectively.

Proof. See [29, Theorem 8.2.1].

We also have the following results

K(z)(↑ 2) =L−1
2 K̃(z) (2)

K(z) =
[
1 z−1

]
K̃(z2) (3)

where K̃(z) := K(z)
[
1 0

]T
1×2

and K(z) := L2K(z)

L−1
2 . z-domain representation of the error system T can be

written as

T(z) =F (z)− L−1
2 K̃(z)(↓ 2)F (z).

Thus, the sampling rates of F (z) and K̃(z) are not the same.
Hence, the lifted input and output of T by a factor of 2 give the
lifted transfer function of T as follows

T(z) =L2T(z)L−1
2

=F (z)− K̃(z)SF (z), (4)

with S =
[
1 0

]
, F (z) := L2F (z)L−1

2 , and N(z) :=

L2N(z)L−1
2 . The system T is changed over into a single rate

system T after applying the lifting. Note that, the norm is not
changed after introducing the lifting, i.e., ||T||∞ = ||T||∞ [29].
Equation (4) can be written in the form of standard discrete con-
trol system as depicted in Fig. 4 [29]. Here, w̃d = L2wd, and
ẽ = L2e. Now, an optimal causal and stable filter K̃(z) is ac-
quired by utilizing the robust control toolbox in Matlab [31, 25].
Finally, the filter K(z) is evaluated by (3). The obtained inter-
polation filter K(z) is an IIR filter which is converted into an
FIR filter (finite impulse response) by truncating its impulse re-
sponse. The number of terms in FIR filter is taken 21 empiri-
cally as see later in Section 4.
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Figure 4: Standard discrete control unit having an open loop
transfer function together with a feedback system K̃(z).
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Figure 5: Artificial bandwidth extension of a stationary narrow-
band speech signal.

3. Artificial Bandwidth Extension
In the previous section, we obtained the interpolation filter
K(z) to interpolate the up-sampled narrowband signal, as
shown in Fig. 5. To apply the results given in Section 2, the
speech signals are divided into frames of 25 ms duration. This
frame-based approach is needed due to the non-stationary na-
ture of speech signals. As a result of that, the obtained inter-
polation filters will not be the same for all the frames. Hence,
a codebook is required, which stores the interpolation filter in-
formation with their corresponding narrowband frame informa-
tion. The narrowband (NB) information is taken in two different
ways, i.e., line spectral frequencies (LSF) [32] and linear pre-
diction coefficients (LPC) [3]. Next, a codebook is trained by
GMM [23]. A feature vector Z ∈ R31 is formed by concate-
nating the NB feature X of dimension R10 and the correspond-
ing wideband feature YK for GMM. Z ∈ R31 is modeled by
GMM to obtain the joint probability distribution function (pdf)
of X and YK . Parameters of the GMM are estimated using
the Expectation-Maximization algorithm [23]. Testing phase
requires the estimation of the wideband (WB) feature vector ỸK

from the joint pdf for a given narrowband (NB) feature vector
X̃ . For a given X̃ , ỸK is estimated by considering the min-
imum mean square error (MMSE) criteria [33, 34]. The esti-
mated wideband feature is used in the signal bandwidth exten-
sion.

Our proposed method is compared with the spectrum fold-
ing technique based upon the source-filter model [22, 9, 10].
Also, the spectrum folding technique is working with an LPF,
i.e., it is following the flow drawn in Fig. 1. Here, an LPF is a
non-causal FIR LPF filter [35]. The length of this filter is 118.
Non-causality of this filter introduces a delay in transmission.
We took the same dimensions of features for this technique as
in our approach, i.e., 21 and 10 as dimensions of WB feature
and NB feature, respectively. LSF represents the NB feature.
The WB feature has WB speech frame information in terms of
LSF and gain factor [22].

4. Experimental Analysis and Results
The entire flow of training of the GMM model and band-
width extension of an NB signal is shown in Fig. 6, which is
used for the ABE of speech signals. The experiments are per-
formed on the speech signals which are taken from the TIMIT
database [36]. It contains two different sets: test and training
set. We truncate the actual training set and obtain a new train-
ing set. This new training set has the equivalent number of
female and male speech files of each dialectical region of the
United States. Performances are computed on 400 speech files
having equally female and male speech files of each dialectical

Wideband Signal
Generating Model ABE Architecture GMM Model

↓ 2

Y

NB Feature
X

Narrowband Signal

↑ 2

NB Feature
X̃

GMM Mapping

ỸK

K(z)
Estimated Wideband Signal

Figure 6: Block diagram constituting of training the GMM and
extension of the narrowband signal.

region from the test set by using the GMM approach. Wideband
speech signals are divided into wideband frames of 25 ms length
utilizing the hamming window with 50% overlapping between
nearby frames. A signal model is computed for each frame,
and the corresponding discrete interpolation filter is acquired.
Here, The truncated impulse response of the interpolation filter
is stored as a wideband feature. NB feature is computed from
the NB frame, that is obtained by down-sampling the wideband
frame by a factor of 2.

4.1. Objective Measures

We use MSE (mean square error) [37], SDR (signal to distortion
ratio) [38], LLR (log likelihood ratio) [16], LSD (log spectral
distance) [39] and MOS-LQO (mean opinion score- listening
quality objective) [39] as the standard objective measures for
examining the quality of reconstructed speech signals. Firstly,
we compute the performances produced by IIR filter K in Ta-
ble 1 and, see how much it improves the upsampled narrowband
signal in Fig. 3. As seen in Table 1, the interpolation filter K

Table 1: Comparisons of the performances obtained by an ideal
upsampler with an upsampling factor 2 (without applying filter
K) and straight forwardly utilizing the interpolation IIR filter
K in Fig. 3 for speech files belonging to test set.

Output subblock MSE SDR LLR MOS-LQO LSD

Upsampler 8.1167×10−4 3.01 1.4254 3.5044 11.3135

Interpolation filter K 4.8634×10−5 15.81 0.6547 3.8047 7.6220

yields notable improvement in all objective measures used in
our work.

Moreover, we truncate the IIR interpolation filter K into
the FIR filter and, and see the effect of truncation on perfor-
mances in Table 2. Here, it is easily said that the performances

Table 2: Performances figured out on the test set an occurrence
of direct utilization of FIR filter K in Fig. 3 for ABE.

Number of terms MSE SDR LLR MOS-LQO LSD

11 8.9405×10−5 13.18 0.7925 3.7450 8.2260

15 7.4762×10−5 13.74 0.7851 3.7521 8.1389

21 6.0912×10−5 14.79 0.7233 3.7782 7.9339

25 5.8136×10−5 15.06 0.7065 3.7810 7.8678

31 5.6043×10−5 15.25 0.6937 3.7854 7.8078

∞ 4.8634×10−5 15.81 0.6547 3.8047 7.6220

are improving when we increase the length of the FIR filter, but
slowly after the length 21. So, we select 21 as the filter length.
Then, GMM performances are computed on the testing set as
tabulated in Table 3 for our proposed approach and the spec-
trum folding method. The LSF NB feature yields better results
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Table 3: Performances computation for the GMM model on the
test set by number of GMM ($) =128;

Features MSE SDR LLR MOS-LQO LSD

LSF+K

$
6.5449×10−5 14.38 0.7751 3.4967 8.0205

LPC+K

$
7.3768×10−5 13.82 0.8050 3.4640 8.1997

Spectrum folding

(LSF+LSF+gain)$
4.4493×10−4 5.60 0.8440 3.8148 9.6288

as a comparison of LPC for our proposed method. So, we im-
plement the spectrum folding method with LSF features. Then,
the objective measures except the MOS-LQO are improved by
our proposed method.

Moreover, we analyzed the magnitude spectrum of two
types of speech, for example, unvoiced speech and voiced
speech by utilizing the GMM model. For this, we plot the
magnitude spectrum of original speech and extended speech ob-
tained by the proposed method and also the spectrum folding
method for each case: voiced speech and unvoiced speech. In
Fig. 7a for unvoiced speech, our proposed approach get back
the better magnitude spectrum rather than the spectrum folding
approach. In Fig. 7b, the magnitude spectrum of the estimated
voiced speech is better for our proposed approach in frequency
range 0− 4.5 kHz and the spectrum folding in frequency range
4.5−8 kHz. Somehow, the magnitude spectrum in a range from
3.5 kHz to 4.5 kHz acquired by our proposed approach is more
close to the original spectrum for both the speech.

4.1.1. Subjective listening test

Subjective assessment [40] is done to check the quality of ex-
tended speech signals obtained by our proposed method and
the spectrum folding method utilizing the GMM as a statisti-
cal model and the LSF as an NB feature. For the listening test,
arbitrary ten extended speech signals are chosen from the test
set, and ten speakers give a mean opinion score (MOS) value
between 1 to 5 to these signals with respect to the original WB
speech files [40]. Then, the comparison mean opinion score
(CMOS) is computed in Table 4 for the proposed method and
the spectrum folding method using the same GMM model. Our

Table 4: Subjective listening test for artificially extended speech
files belonging to the test set using the GMM model.

Conditions CMOS

Spectrum folding with GMM vs

Proposed method with GMM
0.76

proposed method improves the CMOS significantly by 0.76 in
comparison to the spectrum folding method using the GMM.

5. Conclusion
Our proposed framework for ABE of speech signals is not quite
the same as the existing framework. The LPF has been dropped
off from the transmitter side as well as the receiver side. There-
fore, we are estimating the full wideband signal. An advan-
tage of this is that energy level adjustment between the narrow-
band and the high-band is not required. Another advantage is
that it reduces the delay in transmission because of dropping
off LPF. The IIR interpolation filter obtained by H∞ optimiza-
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Figure 7: Magnitude spectrum of the original WB signal (blue),
the estimated WB signal * (red) by the proposed method and
the estimated WB signal ** (yellow) by the spectrum folding
method using LSF NB feature and 128 GMM.

tion is truncated into an FIR filter which is taken as a wideband
feature. We carry out experiments with two types of NB fea-
tures such as LSF and LPC. The GMM conducts the estimation
of WB feature for a given NB feature. Extended speech signal
quality is analyzed by utilizing the objective measures as SDR,
MSE, MOS-LQO, LLR, and LSD and the subjective listening
test. Our proposed method improves the objective measures ex-
cept the MOS-LQO and, the subjective measure CMOS in com-
parison to the spectrum folding method.
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