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Abstract
In this paper, the conservation laws of classical fluid mechan-
ics are used to derive a quasi-one-dimensional model of fluid
flow in an elastic tube of time-varying cross-sectional area, rep-
resenting the human vocal tract. The global flow equations
are then decomposed into aerodynamic and acoustic compo-
nents, representing respiratory flow and sound propagation dur-
ing speech. The nature of the coupling between the two sys-
tems is investigated, and a new interpretation of the traditional
source-filter model of speech production is proposed.

1. Introduction
Speech is produced by establishing a respiratory flow in the vo-
cal tract, which causes the vocal folds to vibrate, and may create
turbulent regions within the fluid. Both of these effects can ex-
cite the resonances of the time-varying oral, tracheal, and nasal
cavities to produce the acoustic flow perturbations that are per-
ceived as sound, although the mechanisms responsible for the
generation of acoustic sources are not yet well understood.

Respiratory flow is generally neglected in traditional acoustic
models of the vocal tract. However, if this is done, it is difficult
to locate, within the physical equations governing the flow, the
source of external energy that must drive the acoustic system
if sound is to be produced. The traditional solution, on which
the source-filter model is based, is to cut off the vocal tract at
the level of the glottis, and to specify the “source” in terms of
a predefined volume velocitywaveform applied at the entry to
the oral tract, which is assumed to act as a simple linear filter.
It is not clear why the vocal tract should terminate at the glot-
tis, rather than the lungs, and the form of the supposed glottal
sourcewaveform has never been satisfactorily explained.

Classical aeroacoustics on the other hand indicates that
sound production should be linked to coupling between the
acoustic field and non-acoustic entropy and vorticity gradients
in the respiratory flow [1]. A number of recent attempts have
been made to derive proper aeroacoustic models of sound pro-
duction, where the generation of acoustic sources by aerody-
namic phenomena is taken into account, based mainly on con-
sideration of three-dimensional vortex motion [2] [3] [4] [5].

The present paper demonstrates that a source-filter model,
including aerodynamic effects, can also be derived directly
from the quasi-one-dimensional conservation laws, using modal
analysis. A number of alternative non-vortical mechanisms are
proposed by which sources may arise within the time-varying
vocal tract. Notably, by decomposing the global flow field into
an incompressible aerodynamic flow and an isentropic acoustic
flow (cf. [6]), it is shown that source terms may arise naturally
from aerodynamic flow gradients, and from dynamic coupling
between different eigenmodes due to rapid area variations.

2. Conservation laws
Suppose that the vocal tract can be modelled as an elastic tube of
lengthL and time-varying cross-sectional areaA : 
 ! IR+,
defined on a bounded rectangle
 = f(x; t) : x 2 [0; L]; t 2

[0; T ]g in IR2, wherex represents the distance along the tract
mid-line from the lungs to the lips, andt represents time.

Assume that the physical state of the air within the tube can
be described by functions�; p; s; u; e; � : 
 ! IR, represent-
ing respectively the time-varying air density, pressure, entropy,
particle velocity, specific internal energy and temperature along
the tube length, averaged over the tube cross-section. If body
forces, rotational motion, heat transfer and viscous effects are
neglected, the principles of conservation of mass, momentum,
and energy, applied to the fluid within the tube, can be used
to derive the following system of partial differential equations,
which must be obeyed everywhere on the interior of
;
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Together with an appropriate set of boundary conditions, the
quasi-one-dimensional conservation laws (1)-(3) describe the
evolution of the global flow field within the time-varying tube.
It is important to realize that the global flow field does not, in
general, represent only the acoustic perturbations that define the
sound field, but may well include other components of fluid
motion that arise from non-acoustic phenomena. Sound prop-
agation is intrinsically associated with compressible isentropic
(adiabatic and reversible) perturbations of the fluid flow, but in-
compressible or non-isentropic fluctuations may also be sup-
ported by the movement of the fluid, and are not excluded as
solutions of the equations of motion. The respiratory flow es-
tablished during speech, for example, is not acoustic in nature,
since it does not propagate or radiate into the far field as sound.
In order to explain the physical mechanisms that are specifi-
cally responsible for the generation of sound in the vocal tract,
a means must therefore be found of separating the acoustic and
non-acoustic, or aerodynamic, components of the flow field and
of characterizing their interaction.

Before this can be done, it is necessary to specify precisely
how the aerodynamic and acoustic components of the global
flow field are to be defined. In the fluid mechanics literature,
the quasi-one-dimensional conservation laws are often analysed
by linearizing the global flow equations about a steady-state so-
lution that may vary in space but not in time. It is sometimes
possible to suppose that the aerodynamic field can be defined
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by the steady-state solution, and that the acoustic field corre-
sponds to a simple linear perturbation superimposed thereon.
However, this is not guaranteed to capture the isentropic char-
acter of sound propagation, and cannot be adopted here, since
movement of the vocal tract walls will evidently induce spatio-
temporal fluctuations in the flow field that may be both aero-
dynamic and acoustic in nature. An alternative approach will
be proposed instead, based on decomposing the pressure field
into compressible isentropic and incompressible non-isentropic
time-varying perturbations about an equilibrium state. This ex-
tends an earlier analysis undertaken by Jospa [6] (cf. [1]).

3. Aeroacoustic decomposition
To introduce an aeroacoustic decomposition of the global flow
field, assume that the fluid within the vocal tract is initially at
rest in some state(�?; p?; s?; u?), and that the physical state
of the fluid at any subsequent time can be represented as the
sum of an aerodynamic perturbation(��0;�p0;�s0;�u0)
and an acoustic perturbation(��1;�p1;�s1;�u1), superim-
posed on the initial state; denoting by(��; �p; �s; �u) any resid-
ual approximation error, which is assumed to be second-order,

� = �? +��0 +��1 + ��; (4)

p = p? +�p0 +�p1 + �p; (5)

s = s? +�s0 +�s1 + �s; (6)

u = u? +�u0 +�u1 + �u: (7)

The equations governing the global flow field are highly non-
linear, and it is not possible to assume that the two flow compo-
nents are independent, or that any principle of linear superposi-
tion can be employed. However, if the aerodynamic and acous-
tic fields are assumed to be weakly coupled, and generated by
different physical mechanisms, it is often possible to construct
a unique decomposition of this kind by imposing physically-
meaningful constraints on the evolution of the two components.

Since sound propagation in air is known to be isentropic, it
is useful to begin by examining the transport of entropy within
the fluid. Expanding the energy equation (3), and eliminating
terms using equations (1) and (2), it is not difficult to show that
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The second law of thermodynamics provides a differential rela-
tionship linking the entropys to �, p, e, and�,

�ds = de�
p

�2
d�; (9)

and if the air in the vocal tract is assumed to behave as an ideal
gas, the following constitutive law also holds, whereR is the
gas constant,

p = �R�: (10)

Substituting equations (9) and (10) into equation (8) yields the
entropy conservation law for quasi-one-dimensional flow;
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This is an interesting result that is often overlooked. When
the area function is static, the term on the right disappears, en-
tropy fluctuations are convected with the flow, and the global

flow field itself is isentropic. However, in the more general case,
temporal variations in the tube cross-section can be seen to in-
duce local entropy gradients that are proportional to the tempo-
ral derivative of the logarithm of the area function. Given that
the acoustic field is, by definition, isentropic, these entropy vari-
ations must be associated with the non-acoustic component of
the flow field. This immediately suggests that the aerodynamic
flow component (defining�s0) should be chosen to obey equa-
tion (11) directly, whereas the acoustic flow component (defin-
ing �s1) must necessarily satisfy the homogeneous version of
equation (11) in which the source term is set to zero.

To proceed further, recall that any single thermodynamic
variable can always be expressed as a function of any two oth-
ers. The pressurep can thus be written as a functionp(s; �)
of the entropys and the density�. Assuming that this func-
tion is continuously-differentiable, any first-order fluctuations
in pressure�p can be expressed in terms of equivalent first-
order fluctuations in density,��, and entropy,�s, by expand-
ing the pressure in a Taylor series about the equilibrium state:
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The first term represents the partial pressure fluctuation due
to entropy changes with the density held constant, whereas the
second term represents the partial pressure fluctuation due to
density changes with the entropy held constant. Comparing
(12) with (5), since the acoustic component is isentropic by
definition, this implies that�p1 must be anisentropic pres-
sure change, corresponding to the second term in (12), with
�s1 = 0, whereas�p0 must be anincompressible pressure
change, corresponding to the first term in (12), with��0 = 0:

�p0 :=
@p

@s

���
�?

�s0; (13)

�p1 := c2? ��1; (14)

wherec? can be shown to be the local sound speed,
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s
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: (15)

The aerodynamic and acoustic density, pressure, and entropy
components of the fluid flow have now been defined; it only
remains to assume that the motion of the fluid can be repre-
sented in the same manner, by supposing that the global parti-
cle velocityu can meaningfully be decomposed into an aerody-
namic particle velocity�u0 associated with(��0;�p0;�s0)
on which an acoustic particle velocity�u1 associated with
(��1;�p1;�s1) is superimposed. Since incompressible res-
piratory flow and isentropic acoustic flow in speech propagate
through different mechanisms, and evolve on very different time
scales, this is not an unreasonable assumption to make.

This completes the desired aeroacoustic decomposition. To
derive the equations that govern the evolution of the aero-
dynamic and acoustic state variables, it will be convenient
to describe the flow field in terms of dimensionless groups
A0; �0; �0; P0; U0; S0; �1; P1; U1; S1; V1 : ! ! IR, defined
on a domain! = f(�; �) : � 2 [0; 1]; � 2 [0; c?T=L]g, where
� := c?t=L, � := x=L,A0 := A=L2, and
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�0 := ��0=�?, �1 := ��1=�?,
P0 := �p0=�?c

2
?, P1 := �p1=�?c

2
?,

S0 := �s0=R, S1 := �s1=R,
U0 := �u0=c?, U1 := �u1=c?,
�0 := lnA0, V1 := A0U1.

Remark thatU0 andU1 are the convective and acoustic Mach
numbers, and�0 = 0, s1 = 0, p1 = �1 by construction. It will
also be convenient to introduce the differential operators

D
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@�
; (16)

D
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WhenU0 is constant,D=D� andD=D� define a frame of ref-
erence that is convected with the aerodynamic flow.

4. Aerodynamic model
By substituting (4)–(7) into equations (1)–(3), and neglecting
terms of first order or higher, the following system of equations
is obtained, describing the aerodynamic state of the fluid:
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Equation (18) describes conservation of volume, whereas equa-
tion (19) is the Bernoulli equation for unsteady incompressible
flow. Expressed in terms of the symbolic operators (16) and
(17), these can be given a particularly simple form:

DU0
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= Qu; (21)
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+
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= 0; (22)

DS0
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= Qs; (23)

whereQu is the mass source represented by

Qu := �
D�0

D�
; (24)

andQs is the entropy source given by

Qs :=
@�0

@�
: (25)

As boundary conditions, assume that the fluid is initially at rest,

� = 0 : P0(�; 0) = U0(�; 0) = S0(�; 0) = 0; (26)

and that a time-varying pressurePL is applied at the lungs, with
atmospheric pressure maintained at the lips,

� = 0 : P0(0; �) = PL(�); (27)

� = 1 : P0(1; �) = 0: (28)

The aerodynamic equations are parabolic, and can be solved
directly once the time-varying area function is specified.

5. Acoustic model
By substituting (4)–(7) into equations (1)–(3), eliminating terms
using the aerodynamic equations (18)–(20), and neglecting
terms of second order or higher, the following system of equa-
tions is obtained, describing the acoustic state of the fluid:
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whereQp is the momentum source given by

Qp := ��1A0
DU0

D�
: (32)

As boundary conditions, assume that the fluid is initially at rest,

� = 0 : P1(�; 0) = U1(�; 0) = S1(�; 0) = 0; (33)

and that the vocal tract is closed at the entrance to the lungs, and
open at the lips, neglecting radiation effects,

� = 0 : U1(0; � ) = 0; (34)

� = 1 : P1(1; �) = 0: (35)

The acoustic equations are hyperbolic, with coefficients that de-
pend on the area function and on the aerodynamic flow gradi-
ents. As is often the case in aeroacoustics, the interpretation
of the source termQp is problematic, since it depends on�1.
Following the analogy introduced by Lighthill, the justification
for defining it to be an acoustic source rests on the observation
that the left-hand side of equations (29)-(31) evidently defines
an acousticwave operator, the symmetry of which would be
broken ifQp were included. If the source term is omitted, the
model exhibits a useful duality property: the equations of con-
servation of mass and momentum can each be obtained from
the other by substitutingP1 for V1, and1=A0 for A0.

6. Modal analysis
Within the limits of the aeroacoustic assumptions that have been
introduced, the acoustic equations essentially describe a linear
time-varying system, with coefficients that are modulated by
the area function as well as by the aerodynamic flow deriva-
tives. The space of all possible solutions for any particular
time-varying area function can therefore be described locally as
a linear superposition of characteristic modal vibrations, each
of which corresponds to an acoustic resonance, or formant, of
the vocal tract. The problem of characterizing the behaviour of
the acoustic system in terms of the time-varying area function
and aerodynamic flow field reduces to that of determining the
spectrum of eigenvalues and eigenfunctions of the correspond-
ing time-varying linear operator (cf. [7] [6]). Individual formant
oscillations can subsequently be characterized as the projection
of the acoustic state trajectory onto the invariant subspaces as-
sociated with each of the time-varying eigenmodes.

To make this precise, define acoustic state and source func-
tions z := (P1; V1; S1), andq := (0; Qp; 0), which are as-
sumed to dwell in the Hilbert space of square-integrable func-
tions on!, equipped with an inner-producth�; �i, and observe
that equations (29)-(31) may be re-written in operator form as

_zt = Ltzt + qt; (36)
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whereLt is the appropriate linear time-varying operator, which
will be assumed to be normal, and which depends onA0 and
the aerodynamic flow derivatives. Letf�itg be the spectrum of
eigenvalues ofLt with eigenfunctionsf�itg, and suppose that
Lt possesses an adjointL?

t with eigenvaluesf�i
tg and eigen-

functionsf i

tg. Under the assumption that the eigenvalues of
Lt are distinct, the eigenfunctions ofLt andL?

t can be chosen
to form a complete biorthogonal basis for the state space, with:

h 
i
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j

ti = Æij : (37)

Denoting byeit the projection ofzt onto the invariant subspace
of Lt associated with�it, the following decomposition holds:

e
i

t = h 
i
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zt =
P

i
eit�

i

t; (39)

and by substituting (38) and (39) into equation (36),
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The original infinite-dimensional system of partial differen-
tial equations describing the spatio-temporal evolution of the
entire acoustic field can thus be reduced to a countable collec-
tion of ordinary differential equations describing the temporal
evolution of the modal projections. The eigenvalues�it are the
time-varying complex poles of the acoustic system, and define
the instantaneous formant frequencies and bandwidths of the
modelled vocal tract. The eigenfunctions�it represent the in-
stantaneous spatial distribution of pressure, flow rate, and en-
tropy associated with each formant, whereas the adjoint eigen-
functions i

t determine the proportion of energy entering each
eigenmode from an arbitrary spatial distribution of mass, mo-
mentum, and entropy sources. The eigenvalues occur in com-
plex conjugate pairs, and each eigenmode essentially behaves
as a simple harmonic oscillator, driven by a source term that de-
pends on the temporal derivative of the aerodynamic flow, and
a coupling term that transfers energy from other eigenmodes
according to the temporal eigenfunction derivatives, which evi-
dently disappear when the area function is static.

7. Source-filter interpretation
Equations (21)-(23) and (29)-(31) define a complete aerody-
namic and acoustic model of quasi-one-dimensional flow in the
time-varying vocal tract. The aerodynamic equations clearly
demonstrate that the effect of temporal variations in the area
function is to establish time-varying flow and entropy gradients
within the vocal tract. The acoustic equations reduce to Web-
ster’s horn equation when there is no aerodynamic flow, and can
be converted to an equivalent bank of formant oscillators with
time-varying centre frequencies and bandwidths by projecting
the acoustic field onto a dynamic eigenmode basis.

In the absence of aerodynamic flow, there are no acoustic
sources. The presence of spatial aerodynamic flow gradients
(which can only arise from temporal area function variations)
introduces a linear acoustic flow resistance (momentum loss)
that increases during the formation of a constriction. The pres-
ence of temporal aerodynamic flow gradients (which may arise
from temporal area function variations or from the boundary
conditions) introduces non-linear coupling between the aero-
dynamic and acoustic flow fields that behaves like a momen-
tum source, or acoustic dipole, distributed along the vocal tract.

Temporal area function variations also induce fluctuations in the
eigenvalues and eigenfunctions of the acoustic system, which
induce an additional apparent source that is related to the tempo-
ral eigenfunction derivatives. Numerical simulations carried out
previously using an artificial point source to replace the aero-
dynamic source distribution suggest that formant excitation is
dominated by the eigenmode coupling terms, and not by the
aerodynamic source term itself [8]. The aerodynamic sources
appear to provide an amorphous supply of low-frequency en-
ergy that is then shaped by the movement of the glottis, via
the eigenmode coupling mechanism, into the highly-structured
wideband excitation that is observed during voiced speech..

It is interesting to compare this with the traditional source-
filter model, where the vocal tract is modelled as a linear time-
invariant system driven by an acoustic monopole defined by the
aerodynamic flow derivative at the glottis. The derivation pre-
sented here suggests that the vocal tract can indeed be repre-
sented as a bank of formant oscillators, but that the traditional
interpretation of the source may be incorrect. The aerodynamic
source term is an acoustic dipole, of magnitude�1A0DU0=D� ,
and not an acoustic monopole of magnitudeD(�0A0U0)=D� ,
and this does not provide the dominant formant excitation.

8. Conclusions
Aerodynamic and acoustic models describing respiratory flow
and sound propagation in a time-varying vocal tract have been
derived from the global conservation laws governing quasi-one-
dimensional fluid flow. By projecting the solution space of the
acoustic system onto a time-varying biorthogonal eigenmode
basis, it is possible to decompose any state trajectory into its
component formant oscillations. Using this technique, it has
been shown that each formant appears to be driven by an ex-
citation composed of an external source, arising from temporal
aerodynamic flow gradients, and an internal source arising from
temporal eigenfunction modulations that occur when the area
function changes rapidly in time, or equivalently when there
are large spatial aerodynamic flow gradients, e.g. due to glot-
tal motion. This interpretation is consistent with the traditional
source-filter model of speech production, but the nature and ori-
gin of the proposed source mechanism are entirely different.
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