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Abstract
Our acoustic to articulatory inversion method exploits an origi-
nal codebook representing the articulatory space by hypercubes.
The articulatory space is decomposed into regions where the
articulatory-to-acoustic mapping is linear. Each region is rep-
resented by a hypercube. The inversion procedure retrieves ar-
ticulatory vectors corresponding to an acoustic entry from the
hypercube codebook. The main issue is about how all the pos-
sible inverse solutions in a given hypercube could be found. As
the dimension of the articulatory space is greater than the di-
mension of the acoustic space, the corresponding null space is
sampled by linear programming to retrieve all the possible so-
lutions. Indeed, the sampling of the null space is a crucial point
because it directly controls the smoothness of articulatory tra-
jectories recovered from the original signal. This approach per-
mits more realistic articulatory trajectories to be obtained.

1. Introduction
We deal with the inversion of the articulatory-to-acoustic rela-
tion, i.e. given an acoustic signal we want to recover the tra-
jectories of the corresponding articulatory parameters. As the
acoustic to articulatory mapping is not a one to one relation, a
codebook is generally used to represent this mapping. A code-
book is a collection of pairs of articulatory parameters associ-
ated to the corresponding acoustic parameters computed by an
articulatory synthesizer. In our case, we accepted Maeda’s ar-
ticulatory model that specifies the shape of the vocal tract with
seven parameters giving the position and shape of articulators
(jaw, tongue, lips and larynx) [1, 2].
The non-linearity of the acoustic-to-articulatory mapping
makes the generation of codebooks, which best represent this
mapping, a difficult problem. In fact, in some articulatory re-
gions a small perturbation of the articulatory parameters could
give rise to large acoustic modifications [3]. Therefore, if the
sampling is not adapted to the acoustic behaviour of the articu-
latory model in a region, very important acoustic effects could
be hidden. In [4], we presented a new codebook generation
method using hypercubes. This representation has the advan-
tage of decomposing the articulatory space into regions where
the mapping is quasi-linear. Thus, a hypercube represents the
whole articulatory to acoustic mapping and not only a very
small set of points in a given region. This is the main character-
istic of our approach and makes the efficiency of our inversion
method. The fact that the whole articulatory space is covered
ensures that all the possible inverse articulatory trajectories can
be found. First, we will briefly describe the structure and the
construction of the hypercube codebook. Then we present the
details about how the null space is explored and we give some
ideas how additional constraints could be used to guide the in-
version. Finally, we show some inversion results and give the
directions of our future work.

2. Representing the articulatory space by
hypercubes

As the underlying idea is to linearize the mapping during the
codebook construction, while limiting the size of the overall
structure, the articulatory space is discretized densely only in
the regions where the mapping is highly non-linear. Each linear
region is presented by a 7 dimensional hypercube. This means
that the whole articulatory space belongs to a hypercube. If the
mapping is not sufficiently linear in a hypercube, this hypercube
is decomposed into sub-hypercubes. Thus, the overall structure
is a hierarchy of hypercubes. The refinement procedure is re-
peated until the mapping between the articulatory space and the
acoustic space can be considered linear. Fig.1 summarizes the
construction of the codebook (details of the algorithm construc-
tion can be found in [4]). We only describe the evaluation of
linearity. Let us consider a hypercube given by its vertices. The
acoustic parameters (i.e. the first three formants) of the middles
of the segments formed by couples of vertices are interpolated
from those of the vertices and compared to those calculated by
means of the articulatory synthesizer. If the difference between
the acoustic parameters synthesized and those interpolated is
less than a predefined threshold��, the mapping is considered
as linear. Note that the mapping is linear in a hypercube with
an error margin of�� in the acoustic domain. We assume that
this linearity test is sufficient. Charpentier proposed a more ac-
curate test which evaluates the curvature of acoustic parameters
along articulatory paths [5]. However, this test necessitates a
vast amount of computation compared to ours.
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Figure 1: (a) A hypercube represents an articulatory region
where the articulatory to acoustic mapping is linear. (b) The
linearity test is performed between all the vertices. The evalu-
ation of linearity is performed on the middles of each segment
(the small circles). (c) The hypercube codebook is composed
of hypercubes of different sizes. The bigger the hypercube, the
more linear the mapping is.
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3. Exploring the solution space of inversion
3.1. Introduction

Our inversion method exploits the codebook by recovering the
possible articulatory vectors for each acoustic entry (i.e. the
formants) of the signal to be inverted. This means that for each
acoustic entry, all the hypercubes whose acoustic image con-
tains the acoustic entry are considered. If the size of the hy-
percube were sufficiently small it would be possible to use the
centroid of the hypercube to approximate the solutions which
belong to this hypercube. However, preliminary experiments
[6] have shown that this solution was not sufficiently precise.
As it will be presented in the next paragraph, we explore the
null space of the inverse problem for each hypercube. For that
purpose, we have developed a method to cover and sample the
4-dimensional null space.

3.2. The improved method

The hypercube codebook is used to retrieve the articulatory pa-
rameters corresponding to the acoustic entry. We extract all the
hypercubes whose corresponding acoustic space contains the
acoustic entry. Let F be the acoustic vector (represented by the
first three formants) to be inverted. Let Hc be the hypercube
which contains articulatory vectors giving the acoustic vector
F . Let P be an articulatory vector (represented by the seven
parameters of Maeda’s articulatory model) that we are looking
for. We exploit the gradient expression at a particular point P0,
in the hypercube (the center for instance):

F = F0 + (P � P0):rF (1)

where rF is the gradient of F calculated at P0 and F0 is the
acoustic vector corresponding to P0
Thus, to perform the inversion, we have to solve the following
equation:

F � F0 = rF:(P � P0) (2)

The matrix form is:
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0 the components of P and P0.

The choice of P0 to calculate the gradient of F is very im-
portant for the accuracy of the inversion. We investigated sev-
eral possibilities, and we found that the center of the hypercube
gives the best results in the general case. In fact, it is equidis-
tant from all the hypercube vertices. This guarantees that the
underlying assumption of linearity is approximately verified ev-
erywhere in the hypercube with respect to this point. As we can
remark, the equation (3) has the form:

A:x = b (4)

where A is the (M�N) gradient matrix, b and x are the acous-
tic and articulatory vectors. The matrix A could be considered
as the linear mapping from the vector space x to the vector space
b. As A is singular (formally, A must be a square matrix, what

could easily be done by augmenting the original matrix by ze-
roed rows) the N � M dimensional space where vectors are
transformed into zero is the null space. The general solution of
(4) is given by a particular solution plus any vector from the null
space. This means that adding a linear combination of the basis
vectors of the null space does not change formants. The SVD
(singular value decomposition) method as described in [7] gives
one particular member of this solution set, i.e. the one with the
smallest length jxj2. Besides, SVD constructs an orthonormal
base of the null space. So as a result, we have a complete spec-
ification of the solution set. In our case, as M = 3 (3 formants)
and N = 7 (7 articulatory parameters), the null space dimen-
sion is 4. In the work of Atal [8], this space is a one dimensional
space presented as a fiber. To retrieve all the solutions, we must
determine this null space and then sample it: each sample gives
rise to a solution.

3.3. Sampling the null space

Let Psvd be the particular solution given by the SVD method.
The general form of the solution is:

Ps = Psvd +

4X
j=1

�jvj (5)

where fvjgj=1::4 is an orthonormal base of the null space
and �j=1::4 the coordinates in this space.
To respect the linearity hypothesis, a solution is acceptable if:

Ps 2 Hc (6)

This simply expresses the fact that the acoustic point to be in-
verted belongs to the acoustic image of the hypercube and that,
conversely, we have to impose that the inverse points must be-
long to the hypercube so that the articulatory to acoustic map-
ping is linear.
We then have:
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This system defines a 4-polytope, i.e. a bounded intersec-

tion of a finite number of half-spaces. To completely define
this 4-polytope, we need to find all the extreme points of this
domain, since the polytope solution is the convex hull of these
points and determine the space contained in the polytope. As far
as we know, this problem, which seems rather simple in dimen-
sion 2 (i.e. finding the intersection of a square with a line) has
not received any formal solution in the general case yet. This
explains why we develop a two step algorithm:
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� The smallest 4-dimensional hypercube which contains
the polytope is determined by means of linear program-
ming.

� This polytope is sampled and we check that each sample
belongs to Hc.

This 4-dimensional hypercube is defined by its vertices which
are given by the minimum and maximum values of �i which
satisfy inequalities of (8, 9). The values of the �i can be found
by resolving the following eight linear programs:

� Four linear programs to maximize �i (i = 1::4)

�
inequalities (8) and (9)

z = maximize �i
i = 1::4 (10)

� Four linear programs to minimize �i (i = 1::4)

�
inequalities (8) and (9)

z = minimize �i
i = 1::4 (11)

By finding all the �i, we can easily calculate the vertices of the
4-hypercube by replacing the �i in (5). Next, we sample the
space contained in the 4-hypercube and eliminate the solutions
that do not verify condition (6) (see Fig.2). The number of in-
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Figure 2: The 4-hypercube (represented here by the square) is
the smallest hypercube containing the 4-polytope (the polygon).
It is defined by the vertices A, B, C, D. The 4-hypercube is
discretized (the points represent the possible solutions) and the
solutions that do not verify (6) are eliminated (the points lying
outside the polygon).

verse solutions and their accuracy depend on the sampling step
as it is detailed in the next paragraph. This sampling algorithm
allows all the relevant solutions of the inverse problem to be
found.

3.4. The precision of sampling

The sampling of the null space is a crucial point because it di-
rectly controls the smoothness of articulatory trajectories recov-
ered from the original signal. Indeed, although the null space
does not influence the acoustic proximity with the original data
it controls the proximity of points in the articulatory space. Too
broad a sampling can prevent the inversion from connecting two
consecutive articulatory points which should belong to the same
articulatory trajectory.
Let Porig be the articulatory vector that produces a three-uple
of formants by using the articulatory synthesizer. We perform
the inversion, and we look for Porig among all the solutions by
keeping the nearest vector from Porig. In the following exam-
ple, we consider a sound close to the vowel [o] and a hypercube
which contains the corresponding articulatory parameters. The

size of this hypercube is 0:75� (where � is the standard devia-
tion), that corresponds to rather a large hypercube since the size
ranges from 0:09375� to 1:5�. We can thus consider that this
example gives a good idea about the precision. We present the
results in Table 1 and Table 2 for two different sampling steps:

1. the number of samples of the null space is 256

2. the number of samples of the null space is 10000

In the first table, we present the seven articulatory parameters of
Porig. Pinv is the nearest vector to Porig found among all the
solutions, when the number of samples is 256. 4P presents the
errors between original and inverted parameters. In the second
table, we present the same data, when the number of samples
is 10000. By comparing the two 4P , it is clear that the larger
the number of samples is, the more precisely the original vector
is approximated. However, the number of samples required to
have a good result depends on data to be inverted and the size
of the hypercube.

4. Recovering articulatory trajectories
The set of all the possible articulatory trajectories which may
give rise to a given acoustic signal can be exploited to study the
variability of speech production and the compensatory effects
used by speakers. However, we are interested here in recovering
an articulatory trajectory which could be produced by a speaker
from an acoustic signal. After processing the inversion of the
acoustic signal, we have to choose, which trajectories should be
kept among the vast number of the possible trajectories. The tra-
jectories must be smooth and vary slowly as those produced by
a real speaker. For this purpose, we used a non-linear smoothing
method [9] which is based on dynamic programming.

5. Results and concluding remarks
Some results are presented in Fig.3. We present the articu-
latory trajectories obtained by inverting the acoustic sequence
[iai]. The first example is obtained by minimizing the artic-
ulatory effort, i.e. passing from one vocal tract configuration
to another by minimizing articulatory movements. The second
and the third examples are obtained by adding the masses of
the articulators. In fact, we think that including the dynamic
behaviour of the vocal tract can improve the realism of the ob-
tained trajectories. It is clear that the obtained trajectories are
smooth and realistic unlike trajectories recovered by a compara-
ble method (trajectories obtained in [10], for instance, are dra-
matically chaotic). In the two last examples, we tested two sets
of masses: an important mass for the jaw and small masses for
the other articulators and vice versa. For the second example,
the jaw is given an important mass (the mass affected to the jaw
was the double of that of the tongue). As a result, the trajectory
of the jaw varies very slowly. On the other hand, when a small
mass is affected to the jaw, as the case presented in the third
example, the trajectories obtained are relatively different from
those of the first and second examples. In fact, if we impose an
important mass to the jaw, the other articulators get themselves
organized to compensate for this situation. As we can remark,
the choice of the masses strongly influences the shape of artic-
ulatory trajectories recovered. Therefore, we have to examine
how we could choose masses that best reflect physiological re-
ality. We are now examining how we could include the informa-
tion on the muscles of the articulators in the smoothing method.
In fact, we are convinced that a compromise between the mass
and the muscle efficiency should be found, because some ar-
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Porig -0.17 2.20 2.20 0.27 -0.09 2.20 -2.20

Pinv -0.250 2.288 2.111 0.265 -0.009 2.320 -2.173
4P 0.080 0.088 0.089 0.005 0.081 0.120 0.027

Table 1: Inversion precision where the number of samples of the null space is 256

Porig -0.17 2.20 2.20 0.27 -0.09 2.20 -2.20

Pinv -0.167 2.181 2.168 0.277 -0.101 2.163 -2.230
4P 0.003 0.019 0.032 0.007 0.011 0.037 0.030

Table 2: Inversion precision where the number of samples of the null space is 10000

ticulators can move rapidly even if their mass is considerably
higher than those of smaller articulators.
Thus, our future work will focus on the issues of how evalu-
ating the acoustic efficiency of articulators, their synergy and
how biomechanical considerations could be incorporated in the
inversion.
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Figure 3: Representation of the articulatory trajectory of [iai]
obtained by inversion and non-linear smoothing. For sake of
clarity, we only show three articulatory parameters among the
seven (jaw, tongue body and tongue dorsum). In the second
and third examples, we added arbitrary masses. The three tra-
jectories are smooth. For the same acoustic sequence, we get
different trajectories, because of the compensatory effect of the
vocal tract.


